
r 


n 


1 

JJ 


r 


■ 






1 




r - 










r a 


■■i 




n 


L 




D 


G 


1 

J 


J 








[ 




S 


1 










INTERVAL 

GROUPOIDS 



W. B. Vasantha Kandasamy 
Florentin Smarandache 
Moon Kumar Chetry 



INFOLEARNQUEST 
Ann Arbor 
2010 




This book can be ordered in a paper bound reprint from: 



Books on Demand 

ProQuest Information & Learning 

(University of Microfilm International) 

300 N. Zeeb Road 
P.O. Box 1346, Ann Arbor 
MI 48106-1346, USA 
Tel.: 1-800-521-0600 (Customer Service) 
http://wwwlib.umi.com/bod/ 

Peer reviewers: 

Prof. Zhang Wenpeng, Department of Mathematics, Northwest University, 

Xi’an, Shaanxi, P.R.China. 

Prof. Mircea Eugen Selariu, 

Polytech University of Timisoara, Romania. 

Prof. Catalin Barbu, Vasile Alecsandri College, Bacau, Romania 

Dr. Fu Yuhua, 13-603, Liufangbeili 

Liufang Street, Chaoyang district, Beijing, 100028 P. R. China 



Copyright 2010 by InfoLeamQuest and authors 
Cover Design and Layout by Kama Kandasamy 



Many books can be downloaded from the following 
Digital Library of Science: 

http://www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm 



ISBN-10: 1-59973-125-8 
ISBN-13: 978-1-59973-125-4 
EAN: 9781599731254 



Standard Address Number: 297-5092 
Printed in the United States of America 



2 



CONTENTS 



Preface 5 

Chapter One 

PRELIMINARY NOTIONS 7 

1.1 Groupoids 7 

1.2 Introduction to Neutrosophic Algebraic Structures 10 

Chapter Two 

NEW CLASSES OF GROUPOIDS 15 

2.1 New Classes of Matrix Groupoids 15 

2.2 Polynomial Groupoids 35 

2.3 Special Interval Groupoids 49 

2.4 New Classes of Polynomial Interval Groupoids 62 

2.5 Interval Matrix Groupoids 79 

2.6 Smarandache Interval Groupoid 102 

2.7 Classes of Groupoids Built Using Intervals 106 



3 




Chapter Three 

ON SOME NEW CLASSES OF NEUTROSOPHIC 
GROUPOIDS 109 

3.1 Neutrosophic Groupoids 110 

3.2 New Classes of Neutrosophic groupoids using Z n 117 

3.3 Neutrosophic Polynomial Groupoids 128 

3.4 Neutrosophic Matrix Groupoids 147 

3.5 Neutrosophic Interval Groupoids 167 

3.6 Neutrosophic Interval Matrix Groupoids 176 

3.7 Neutrosophic Interval Polynomial Groupoids 193 

Chapter Four 

APPLICATION OF THESE NEW CLASSES OF 
GROUPOIDS AND INTERVAL GROUPOIDS 199 

Chapter Five 

SUGGESTED PROBLEMS 201 

FURTHER READING 231 

INDEX 234 

ABOUT THE AUTHORS 240 



4 




PREFACE 



This book introduces several new classes of groupoid, like 
polynomial groupoids, matrix groupoids, interval groupoids, 
polynomial interval groupoids, matrix interval groupoids and 
their neutrosophic analogues. 

Interval groupoid happens to be the first non-associative 
structure constructed using intervals built using Z n or Z or Q or 
R or Z + u {0} or Q + u {0} and so on. 

This book has five chapters. Chapter one is introductory in 
nature. In chapter two new classes of groupoids and interval 
groupoids are defined and described. 

The analogous neutrosophic study is carried out in chapter 
three. The applications of this new structure is given in chapter 
four. The final chapter suggests more than 200 problems. 

This book has given 77 new definitions, 426 examples of 
these new notions and over 150 theorems. 
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Chapter One 



Preliminary Notions 



In this chapter we just give the basic definition of the groupoid 
which forms the first section. In section two we just recall the 
properties associated with neutrosophy. 



1.1 Groupoids 

In this section we recall the definition of groupoid and give 
some examples. For more about groupoids and its properties 
please refer [17-20], 

DEFINITION 1 . 1 . 1 : Given an arbitrary set P a mapping of P x P 
into P is called a binaiy operation on P. Given such a mapping 
a: P x P —> P we use it to define a product * in P by declaring 
a * b = c if a (a, b) = c. 
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DEFINITION 1 . 1 . 2 : A non empty set of elements G is said to 
form a groupoid if in G is defined a binary operation called the 
product denoted by * such that a *b e G for all a, b e G. 

It is important to mention here that the binary operation * 
defined on the set G need not be associative that is (a * b) * c ^ 
a * (b * c) in general for all a, b, c e G, so we can say the 
groupoid (G, *) is a set on which is defined a non associative 
binary operation which is closed on G. 

A groupoid G is said to be a commutative groupoid if for 
every a, b e G we have a * b = b * a. A groupoid G is said to 
have an identity element e in G if a * e = e * a = a for all a e G. 

We call the order of the groupoid G to be the number of distinct 
elements in it denoted by o( G) or |G|. If the number of elements 
in G is finite we say the groupoid G is of finite order or a finite 
groupoid otherwise we say G is an infinite groupoid. 

DEFINITION 1 . 1 . 3 : Let (G, *) be a groupoid a proper subset H 
cr G is a subgroupoid if (H, *) is itself a groupoid. 

DEFINITION 1 . 1 . 4 : A groupoid G is said to be a Moufang 
groupoid if it satisfies the Moufang identity (xy) (zx) = (x(yz))x 
for all x, y, z in G. 

DEFINITION 1 . 1 . 5 : A groupoid G is said to be a Bol groupoid if 
G satisfies the Bol identity ((xy) z) y = x ((yz) y) for all x, y, z in 

G. 

DEFINITION 1 . 1 . 6 : A groupoid G is said to be a P-groupoid if 
(xy) x = x (yx) for all x, y € G. 

DEFINITION 1 . 1 . 7 : A groupoid G is said to be right alternative 
if it satisfies the identity (xy) y = x (yy) for all x, y € G. 
Similarly we define G to be left alternative if (xx) y = x (xy) for 
all x, y e G. 




DEFINITION 1.1.8: A groupoid G is alternative if it is both right 
and left alternative, simultaneously. 

DEFINITION 1.1.9: A groupoid G is said to be an idempotent 
groupoid if if = x for all x £ G. 

DEFINITION 1.1.10: Let G be a groupoid. P a non empty proper 
subset of G, P is said to be a left ideal of the groupoid G if 1) P 
is a subgroupoid of G and 2) For all x £ G and a £ P, xa £ P. 

One can similarly define right ideal of the groupoid G. P is 
called an ideal if P is simultaneously a left and a right ideal of 
the groupoid G. 

DEFINITION 1.1.11: Let G be a groupoid A subgroupoid V of G 
is said to be a normal subgroupoid of G if 

1. aV= Va 

2. (Vx)y = V(xy) 

3. y(xV) = (yxjv 

for all x, y, a £ V. 

DEFINITION 1.1.12: A groupoid G is said to be simple if it 
has no non trivial normal subgroupoids. 

Example 1.1.1: The groupoid G given by the following table 
is simple. 



* 


ao 


ai 


a 2 


a 3 


34 


a 5 


36 


a 0 


ao 


34 


ai 


a 5 


a 2 


36 


a 3 


ai 


a 3 


ao 


34 


ai 


a 5 


a 2 


36 


a 2 




a 3 


ao 


34 


ai 


a 5 


a 2 


a 3 


a 2 


36 


a 3 


ao 


34 


ai 


a 5 


3.4 


a 5 


a 2 


36 


a 3 


ao 


34 


ai 


a 5 


ai 


a 5 


a 2 


36 


a 3 


ao 


34 


&6 


3-4 


ai 


a 5 


a 2 


36 


a 3 


ao 
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It is left for the reader to verify (G, *) = {a 0 , a 1? a 2 , ... , a 6 , 
*} has no normal subgroupoids. Hence, G is simple. 

DEFINITION 1.1.13: A groupoid G is normal if 

1. xG = Gx 

2. G(xy) = (Gx)y 

3. y(xG) = (yx)G 

for all x, y £ G. 

DEFINITION 1.1.14: A Smarandache groupoid G is a groupoid 
which has a proper subset S, S cr G such that S under the 
operations of G is a semigroup. 

DEFINITION 1.1.15: Let G be a Smarandache groupoid (SG) if 
the number of elements in G is finite we say G is a finite SG, 
otherwise G is said to be an infinite SG. 

DEFINITION 1.1.16: Let G be a Smarandache groupoid. G is 
said to be a Smarandache commutative groupoid if there is a 
proper subset, which is a semigroup, is a commutative 
semigroup. 

For more about groupoids and Smarandache groupoids please 
refer [20] 



1.2 Introduction to Neutrosophic Algebraic Structures 

In this section we just recall some basic neutrosophic algebraic 
structures essential to make this book a self contained one. For 
more refer [8-16]. 

In this section we assume fields to be of any desired 
characteristic. We denote the indeterminacy by ‘I’, as i will 
make a confusion, as it denotes the imaginary value, viz. i 2 = -1 
that is V-T = i. The indeterminacy I is such that I . I = I 2 = I. 
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Here we recall the notion of neutrosophic groups, 
neutrosophic groups in general do not have group structure. 

DEFINITION 1 . 2 . 1 : Let (G, *) be any group, the neutrosophic 
group is generated by I and G under * denoted by N(G) = { (G 
ul), *}. 

Example 1.2.1: Let Z 7 = {0, 1, 2, ..., 6} be a group under 
addition modulo 7. N(G) = {(Z 7 u I), *+’ modulo 7} is a 
neutrosophic group which is in fact a group. For N(G) = {a + bl 
/ a, b e Z 7 } is a group under *+’ modulo 7. Thus this 
neutrosophic group is also a group. 

Example 1.2.2: Consider the set G = Z 5 \ {0}, G is a group 
under multiplication modulo 5. N(G) = {(G u I), under the 
binary operation, multiplication modulo 5}. 

N(G) is called the neutrosophic group generated by G u I. 
Clearly N(G) is not a group, for l 2 = I and I is not the identity 
but only an indeterminate, but N(G) is defined as the 
neutrosophic group. 

Thus based on this we have the following theorem: 

THEOREM 1 . 2 . 1 : Let (G, *) be a group, N(G) = {(G ul), *} be 
the neutrosophic group. 

1. N(G) in general is not a group. 

2. N(G) always contains a group. 

Proof: To prove N(G) in general is not a group it is sufficient 
we give an example; consider (Z 5 \ {0} uI) = G= {1,2, 4, 3, 1, 
2 I, 4 I, 3 I}; G is not a group under multiplication modulo 5. In 
fact {1, 2, 3, 4} is a group under multiplication modulo 5.N(G) 
the neutrosophic group will always contain a group because we 
generate the neutrosophic group N(G) using the group G and I. 

So G c N(G); hence N(G) will always contain a group. 

* 

Now we proceed onto define the notion of neutrosophic 
subgroup of a neutrosophic group. 
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DEFINITION 1.2.2: Let N(G) = (G ul)be a neutrosophic group 
generated by G and I. A proper subset P(G) is said to be a 
neutrosophic subgroup ifP(G) is a neutrosophic group i.e. P(G) 
must contain a (sub) group of G. 

Example 1.2.3: Let N(Z 2 ) = <Z 2 u 1) be a neutrosophic group 
under addition. N(Z 2 ) = {0, 1, I, 1 + I}. Now we see {0, 1} is a 
group under + in fact a neutrosophic group {0, 1 + 1} is a group 
under “+’ but we call {0, 1} or {0, 1 + 1} only as pseudo 
neutrosophic groups for they do not have a proper subset which 
is a group. So {0, 1} and {0, 1 + 1} will be only called as pseudo 
neutrosophic groups (subgroups). 

We can thus define a pseudo neutrosophic group as a 
neutrosophic group, which does not contain a proper subset 
which is a group. Pseudo neutrosophic subgroups can be found 
as a substructure of neutrosophic groups. Thus a pseudo 
neutrosophic group though has a group structure is not a 
neutrosophic group and a neutrosophic group cannot be a 
pseudo neutrosophic group. Both the concepts are different. 

Now we see a neutrosophic group can have substructures 
which are pseudo neutrosophic groups which is evident from 
the following example: 

Example 1.2.4: Let N(Z 4 ) = (Z 4 u I) be a neutrosophic group 
under addition modulo 4. (Z 4 u I) = {0, 1, 2, 3, 1, 1 + I, 21, 31, 1 
+ 21, 1 + 31, 2 + I, 2 + 21, 2 + 31, 3 + I, 3 + 21, 3 + 31}. o«Z 4 u 
I» - 4 2 . 

Thus neutrosophic group has both neutrosophic subgroups 
and pseudo neutrosophic subgroups. For T = {0, 2, 2 + 21, 21} is 
a neutrosophic subgroup as {0 2} is a subgroup of Z 4 under 
addition modulo 4. P = {0, 21} is a pseudo neutrosophic group 
under *+’ modulo 4. 

DEFINITION 1.2.3: Let K be the field of reals. We call the field 
generated by K u I to be the neutrosophic field for it involves 
the indeterminacy factor in it. 
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We define I 2 = I, I + I = 21 i.e., I +...+ / = nl, and if k € K 
then k.I = kl, 01 = 0. We denote the neutrosophic field by K(I) 
which is generated by K u I that is K(I) = (K u I). (K u I) 
denotes the field generated by K and I. 

Example 1.2.5: Let R be the field of reals. The neutrosophic 
field of reals is generated by R and I denoted by (R u I) i.e. R(I) 
clearly Rc(Ru I). 

Example 1.2.6: Let Q be the field of rationals. The neutrosophic 
field of rationals is generated by Q and I denoted by Q(I). 

DEFINITION 1.2.4: Let K(l) be a neutrosophic field we say K(l) 
is a prime neutrosophic field if K(I) has no proper subfield, 
which is a neutrosophic field. 

Example 1.2. 7: Q(I) is a prime neutrosophic field where as R(I) 
is not a prime neutrosophic field for Q(I) c: R(I). 

DEFINITION 1.2.5: Let K(I) be a neutrosophic field, P crK(l) is 
a neutrosophic subfield ofPifP itself is a neutrosophic field. 
K(I) will also be called as the extension neutrosophic field of 
the neutrosophic field P. 

We can also define neutrosophic fields of prime characteristic p 
(p is a prime). 

DEFINITION 1.2.6: Let Z p = {0,1, 2, ..., p — 1} be the prime field 
of characteristic p. (Z p U I) is defined to be the neutrosophic 
field of characteristic p. Infact (Z p u I) is generated by Z p and I 
and { Z p ul) is a prime neutrosophic field of characteristic p. 

Example 1.2.8: Z 7 = {0, 1, 2, 3, ..., 6} be the prime field of 
characteristic 7. <Z 7 u I) = {0, 1, 2, ..., 6, 1, 21, ..., 61, 1 + I, 1 + 
21, . . ., 6 + 61 } is the prime field of characteristic 7. 

DEFINITION 1.2.7: Let G(I) by an additive abelian neutrosophic 
group and K any field. If G(I) is a vector space over K then we 
call G(I) a neutrosophic vector space over K. 
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Elements of these neutrosophic fields will also be known as 
neutrosophic numbers. For more about neutrosophy please refer 
[8-15]. We see Z n I = {al | a e Z n } is a neutrosophic field called 
pure neutrosophic field. Likewise QI, RI and Z P I are 
neutrosophic fields where p is a prime. Thus Z 5 I = {0, I, 21, 31, 
41} is a pure neutrosophic field. 

Pure neutrosophic structures as QI or RI or Z n I cannot 
contain any real numbers. However 0.1 = 0, so 0 belongs to 
them. 
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Chapter Two 



New Classes of Groupoids 



This chapter introduces seven new classes of groupoids and has 
seven sections. Section one introduces the new class of matrix 
groupoids using Z n or Z or Q or R or C. Polynomial groupoids 
of five levels are introduced in section two. Special interval 
groupoids are introduced in section three. Polynomial interval 
groupoids are introduced in section four. Section five introduces 
interval matrix groupoids. Smarandache interval groupoids are 
introduced in section six and in the final section we give the 
new classes of groupoids built using intervals. 

2.1 New Classes of Matrix Groupoids 

In this section we introduce a new class of matrix groupoids and 
neutrosophic matrix groupoids and analyse a few of their 
properties. Throughout this book (xi, x 2 , . . ., x n ) represents a row 
matrix with entries X; e Z n or any ring or field; 1 < i < n. This 
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row matrix will be known as usual or real row matrix. If Xj e 
Z n I or N(Z n ) or QI or ZI or RI or N(Q) or N(Z) or N(R) then we 
call the row matrix (x 3 , x n ) to be a neutrosophic row matrix. 
Likewise we define 

Yi 

y m _ 

if y; e Z n or Q or R or Z to be a usual column matrix and if y; e 
Z n I or QI or RI or N(Z n ) or N(Q) or N(R) as column 
neutrosophic matrix 1 < i < m. 

A matrix M n * m = (my) with my in Z n or Q or R or Z will be 
known as the real matrix and if they belong to N(Z n ) or ZI or Z n I 
or N(Z) or N(Q) or QI or N(R) or RI will be known as the 
neutrosophic matrix. With this understanding we proceed onto 
describe and define some new classes of groupoids. 

Definition 2.1.1: Let G = {(xi, ..., x„) \ x, g Z m ; 1 < i <n} m > 
3 be a collection of 1 x n row matrices with entries from the 
modulo integer Z m . Define * a binary operation on G as follows 
(xu x n ) * (yi, ..., y„) 

= t(x h .... Xr) + u(y h .... y n ) 

= (txj + uyfmod m), tx 2 + uy 2 (mod m), ..., (tx n + uyj 
(mod m)) 

where t, u g Z n l {0}, t ^ u and (t, u) = 1 for all (x h x 2 , ..., xj, 
(y It y 2 , ..., yj g G. We define (G, * (t, it)) to be a row matrix 
groiipoid using Z n . 

We will illustrate this situation by some simple examples. 

Example 2.1.1: Let G = { ( x ] , x 2 , x 3 ) | x; e Z 4 ; 1 < i < 3}. Define 
* on G by (x b x 2 , x 3 ) * (yi, y 2 , y 3 ) = 2 (x b x 2 , x 3 ) + 3(y u y 2 , y 3 ) 
where 2, 3 e Z 4 \ {0} and (2, 3) = 1. 

Take 

(3,2, 1)* (1,0, 3) = 2(3,2, 1) + 3(1, 0,3) 

= (2 0 2) + (3 0 1) 

- (10 3). 
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Consider (3 2 1) * [(1 0 3) * (0 2 2)] and [(3 2 1) * (1 0 3)] * (0 
2 2). We see 

[(3 2 1) *(1 0 3)] *(0 2 2) = (1 0 3) *(0 2 2) 

= (2 0 2) + (0 2 2) 

= (2 2 0) (1) 



(3 2 1) *[(1 0 3) *(0 2 2)] 



(3 2 1) * [(2 0 2) + (0 2 2)] 
(3 2 1 ) * (2 2 0) 

(2 0 2 ) + (2 2 0 ) 

(0 2 2 ) ( 2 ) 



(2 2 0) ^ (0 2 2). Thus the operation * is non associative. Thus 
(G, *, (2, 3)) is a 1 x 3 row matrix groupoids built using Z 4 . 

We see 1 x 3 row matrix groupoids using Z 4 with (t, u) = (1, 
2) or (2, 1) or (1, 3) or (3, 1) or (2, 3) or (3, 2). 

Thus we have 6 distinct 1x3 row matrix groupoids built 
using Z 4 . 



Example 2.1.2: Let G = { ( x ] , x 2 , x 3 , x 4 , x 5 , x 6 ) | x, e Z 7 ; 1 < i < 
6}. Take (t, u) = 5, 6); (G, *, (t, u)) = (G, (5, 6), *) is a 1 x 6 row 
matrix groupoid built using Z 7 . We have 22 distinct 1 x 6 row 
matrix groupoids built using Z 7 . It is left for the reader to find 
the number of 1 x m matrix groupoids built using Z n . 

We can in the definition 2.1.1 replace Z n by Z or Q or R. In 
these cases we will get infinite number of row matrix groupoids 
of infinite order. By order of a groupoid G we mean the number 
of distinct elements in G. If G has finite number of elements we 
call G a finite groupoid and if G has infinite number of elements 
then we call G to be an infinite groupoid. We will just illustrate 
them by some simple examples. 

Example 2.1.3: Let G = {(xi, x 2 , ..., x 32 ) | X; e Z, 1 < i < 12}; 
take (t, u) = (15, -16) {G, * (15, -16)} is a 1 x 12 row matrix 
groupoid constructed using Z. We see the order of G is infinite. 
Further we have infinite number of pairs (t, u) with t, u e Z, (t ^ 
u, (t, u) = 1). Thus there are infinite number of 1 x 12 row 
matrix groupoids built using Z. It is left for the reader to check 
whether G is associative. 
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Example 2.1.4: Let G = {(xi, x 2 , x 7 ) / X; e R; 1 < i < 7}. 

Take (t, u) = (0.7, - 1.52) e R x R. {G, *, (t, u)} is a 1 x 7 row 
matrix groupoid built using reals R. 

Clearly cardinality of G is infinite and we can construct 
infinite number of 1 x 7 row matrix groupoids using R. 

Next we proceed on to build a new class of column matrix 
groupoids using Z n or R or Q or Z. 

Definition 2.1.2: Let G = {( x /, ..., x „)‘ \ x, e Z m ; 1 <i < nj 

be the collection of all n x 1 column matrices with entries from 
Z m . Choose t, u € Z m l {()}; t ^ u, (t, u) = 1. For ( xj , x n f and 
(yi, y n f € G. Define 





X 1 




y, 




tXj 




uy, 


(Xh Xn)' * (yi, yj = 




* 




= 




+ 






_ X n_ 




_y n _ 




_tx n _ 




uy„_ 



tXj + uyfmod m ) 
tx n + uyjmodm ) 



z , 



eG. 



z 



n 



Thus (G, (t, u), *) is a groupoid. This groupoid will be known as 
the n x 1 column matrix groupoid built using Z m . 

We will illustrate this situation by some examples. 

Example 2.1.5: Let 



G = 



Xj eZ 12 ;l<i<5 
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be the collection of all 5 x 1 column matrices with entries from 
Zi 2 . Choose t = 2 and u = 3; (t, u) = 1. (G, (2, 3), *) is a 5 x 1 
column matrix groupoid. Select 



"10" 




"3" 




"l" 


2 




2 




0 


0 


,b = 


11 


and c = 


9 


0 




0 




2 


1 




0 




0 



To prove (a * b) * c ^ a * (b * c). 
Consider 



r 


'10" 




" 3 " 






T 




2 




2 






0 




0 


* 


11 




* 


9 




0 




0 






2 


V 


1 




0 


y 




0 



"8" 




'9 


> 




T 




'5' 




T 


4 




6 






0 




10 




0 


0 


+ 


9 




* 


9 


= 


9 


* 


9 


0 




0 






2 




0 




2 


2 




0 


> 




0 




2 




0 



"10" 




"3" 




" 1 " 


8 




0 




8 


6 


+ 


3 


= 


9 


0 




6 




6 


4 _ 




0 




4_ 



Now a* (b*c) 



( 1 ) 
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'10' 




f 


'3' 




T 


> 




'10' 




f 


"6~ 




'3' 


A 


2 






2 




0 






2 






4 




0 




0 


* 




11 


* 


9 




= 


0 


* 




10 


+ 


3 




0 






0 




2 






0 






0 




6 




1 






0 




0 






1 






0 




0 


/ 



'10" 




"9" 




"8" 




'3' 




"11" 


2 




4 




4 




0 




4 


0 


* 


1 


= 


0 


* 


3 


= 


3 


0 




6 




0 




6 




6 


1 




0 




2 




0 




2 



Clearly 



" 1 " 




" 11 " 


8 




4 


9 


* 


3 


6 




6 


4_ 




2 



( 2 ) 



Hence (G, *, (2, 3)) is a groupoid as the operation * in general is 
non associative. 

Example 2.1.6: Let 







x i 




G = < 




x 2 


x, eZ 19 ;l<i<3 






_ X 3 _ 





be the collection of all 3 x 1 column matrices with entries from 
Z\ 9 . Choose (t, u) = (8, 9). It is easily verified (G, *, (8, 9)) is a 3 
x 1 column matrix groupoid built using Z [9 , integers modulo 19. 
However in the definition 2.1.2 we can replace Z n by Q or Z or 
R and still (G, *, (t, u)) will be the m x 1 column matrix 
groupoid. The only difference will be those built using Z n will 
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be column matrix groupoids of finite order where as the 
groupoids built using Z or R or Q will be infinite groupoids. 

Further the number of n x 1 column matrix groupoids using 
Z m (for a fixed n and m) will be finite where as the number of n 
x 1 column matrix groupoids built using Z or Q or R will be 
infinite in number. 

Just we will give only examples of a column matrix 
groupoid of infinite cardinality before we proceed onto define 
the notion ofmxn matrix groupoids m ^ 1 , n ^ 1 (m = n or m ^ 
n can occur). 

Example 2.1. 7: Let 

T x i 

X, 

G = 2 
x 3 

|_ X 4 

be the collection of all 4 x 1 column matrices with entries from 
the set Z. Choose (t, u) = (5, -12). Clearly (G, (5, -12), *) is a 4 
x 1 column matrix groupoid of infinite order. 

The reader is left with the task of verifying * on G is non 
associative in general. 

Example 2.1.8: Let 




be the collection of all 8 x 1 column matrices with entries from 
Q. Define * using (t, u) = (-7/8, 5/19) e QxQ. Clearly (G, *, 
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(-7/8, 5/19)) is a 8 x 1 column matrix groupoid. It is easily 
verified that (G, *, (-7/8, 5/19)) is a groupoid of infinite 
cardinality. 

Now we proceed onto define substructures in these 
groupoids. 

DEFINITION 2.1.3: Let ( G, * (t, u)) be a row (column) matrix 
groupoid H cr G (H be a proper subset of G); we call (H, (t,u), 
*) to be a row ( column ) matrix subgroupoid of G if (H, (t, u), *) 
is itself a row (column) matrix groupoid of G. 

We will illustrate this be examples. 



Example 2.1.9: Let G = {(x l5 x 2 , x 3 , x 4 , x 5 , x 6 ) X; e Z i2 , 1 < i < 
6} be the collection of all 1 x 6 row matrices. Choose (t, u) = (5, 
8) e Zn x Z 12 . (G, (t, u), *) is a row matrix groupoid built using 
Zi 2 . Take H = {(x, x, x, x, x, x) / x e Z [2 } c G; {H, *, (5, 8)} is 
a row matrix subgroupoid of {G, *, (5, 8)}. 



Example 2.1.10: Let G = {(xi, x 2 , x 3 , x 4 ) | x; e Q, 1 < i < 4} be a 
1 x 4 row matrices with entries from Q. Take (t, u) = (7/2, - 5); 
(G, (7/2, -5), *) is a 1 x 4 row matrix subgroupoid. Take H = 
{(x, 0, y, zO | x, y, z\ e Q} c G; {H, *, (7/2, - 5)} is a 1 x 4 row 
matrix subgroupoid of {G, *, (7/2, - 5}. 



Example 2.1.11: Let 



G = 



a; eZ 17 ;l<i<6 



be the collection of all 6 x 1 column matrices with entries from 
Zi 7 . {G, *, (9, 8)} is a 6 x 1 column matrix groupoid built using 
Zi 7 . Take 
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H = 



a ; eZ n ;l<i<3 



{H, *, (9, 8)} is a 6 x 1 column matrix subgroupoid of G. 
Example 2.1.12: Let 



G = 



a, eR;l<i<5 



be the collection of all 5 x 1 column matrices with entries from 
R. (G, (-V2,Vl7), *) is a 5 x 1 column matrix groupoid built 
using R. Take 




(H, ), *) cr (G, (-V2 ,a/L 7 ), *) is a 5 x 1 column 

matrix subgroupoid of G built using R. 



Definition 2.1.4: Let G = M nxm = {( m if; 1 <i <n, l<j <m be 
a n x m matrix with entries from Z n or R or Q or Z}. Choose t, u 
€ Z n or R or Q or Z such that t # u, (t, u) = 1. Define * on G; 
for two matrices M= (mf and N = (nf as 
M*N = (mj) * ( ni j) 
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= (trriij + uny) 

P. 

P is an x m matrix in G. Thus (G, (t, u), *) is a n x m 
matrix groupoid built using Z„ (or R or Q or Z). 

We will illustrate this situation by examples. 



Example 2.1.13: Let 



G = 




b e 
d f 



a,b,c,d,e,f e Z 9 



be the collection of all 2 x 3 matrices with entries from Z 9 . Take 
(t, u) = (5, 6); we see {G, *, (5, 6)} is a 2 x 3 matrix is a 
groupoid with entries from Z 9 . 

Example 2.1.14: Let 

|~ a i 

a, 

G= \ 3 

a 5 

L a 7 



a t e Q;1 < i < < 



be the collection of all 4 x 2 matrices with entries from Q. Take 
(u, v) = (7, -3/2) from Q x Q. (G, (u, v), *) is a 4 x 2 matrix 
groupoid with entries from Q. 

Example 2.1.15: Let G = {All 9x9 upper triangular matrices 
with entries from R}. Choose (t, u) = (yf3. ,-y/l 12). It is easily 

verified (G, (V3,-V7/2), *) is a 9 x 9 matrix groupoid with 
entries from R. 



Example 2.1.16: Let 



G = 



a, 



aj eZ 3 ;l<i<3 
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Choose (t, u) = (2, 1), (G, *, (2,1)} is a 2 x 2 matrix groupoid. 
The operation carried out in G is in general non associative. 

Let 

f 2 1 ^ 



and 



in G. 



A = 



B = 



v 0 1 j 



1 2 
0 1 



(A*B) = 2 





(2 l) 




"1 2^ 


2 




+ 






lo lj 




v 0 1, 



f 1 


2 ^ 


+ 


fl 


2 - 





( 2 




G 


v0 


2 j 




v0 


d 




VO 


oj 












'2 


2 ' 










Take C = 






e 


G 












v0 


2 a 














1 


'2 


n 




"2 


2 ^ 


(A * 


B) 


*C = 


0 

V 


0, 


* 


v0 






\ 




2y 



G. 



f 1 


2^ 


+ 


'2 


2^ 




0) 




v0 


2y 



^0 P 
0 2 



( 1 ) 



A* (B*C) : 



2 n 

0 1 



r 2 n (2 2 ^ 

+ 



0 2 



0 2 



(2 1) 


* 


a 


0^ 




f 1 


2^ 


+ 


f 1 


0^ 




'2 2 s 


lo ij 




v0 


lj 




vO 


2 j 




vO 


lj 




v 0 0 y 



( 2 ) 
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"0 


n 


* 


"2 


2" 




2J 




v0 


o. 



Thus the operation * defined in G in general is non 
associative. 

As in case of row (and column) matrix groupoids we can 
define the notion of matrix subgroupoids. We will only give one 
example of a matrix subgroupoid. 

Example 2.1.1 7: Let 



[a b g 




c d h 


a,b,g,c,d,h,e,f,ieZ 


e f i 





{G, *, (3, -2)} is a matrix groupoid built over Z. 
Let 







3 3 3 






H = < 




3 3 3 




a e Z 






3 3 3 







{H, *, (3, -2)} is a matrix subgroupoid of {G, *, (3, -2)}. 

We see all matrix groupoids built using Z n (n < go) modulo 
integers are finite where as all matrix groupoids built using Z or 
R or Q are nZ are of infinite order. 

We as in case of general groupoids say a matrix groupoid G 
is a matrix P-groupoid if (AB)A = A (BA), for all A, B e G. 

We say a matrix groupoid G is said to be right alternative if 
(AB)B = A(BB) for all A, B e G. 

We will call a matrix groupoid G to be an idempotent 
groupoid if A 2 = A for all A e G. 

As in case of general groupoids we in case of matrix 
groupoids also define the notion of right ideal, left ideal and 
ideal. 
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We also call a matrix subgroupoid V of G to be a normal 
subgroupoid if 

aV = Va 
(Vx) y = V(xy) 
y (xV) = (yx) V 

for all x, y, a e V. 

A matrix groupoid G is normal if 
xG = Gx 
G (xy) = (Gx)y 
y (xG) = (yx)G 

for all x,yeG. 

Now we define yet another class of matrix groupoids. 

DEFINITION 2 . 1 . 5 : Let G = {row matrix or column matrix or a 
m xn matrix with entries from Z n or Q or Z or R} ‘or’ is used in 
a mutually exclusive sense. 

Now choose t, u € Z„ (or Z or Q or R) such that t & u but (t, 
u) # 1 . Then if for x, y € G define x * y = tx + uy then (G, (t, u), 
*) is a matrix groupoid of type I which is different from those 
defined earlier. 

We illustrate it by some examples. 



Example 2.1.18: Let G = {all 2x2 upper triangular matrices 
with entries from Z 8 }. Choose (t, u) = (2, 4); 2,4 g Z 8 . Now {G, 
*, (2, 4)} is a matrix groupoid. 

We will just show how * is defined. 

Take 



A = 



"3 

vO 



5 1 

K 



and B 



f 2 3 ^ 
0 7 



e G. 



A 



* B = 2 



3 5 
0 1 



+ 4 



'2 3 
v 0 7 






j 



f 


2^ 




"0 


4^ 




f 6" 






+ 






= 




vO 


V 




v0 


4J 




v 0 6, 
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We see (G, (2, 4), *) is a finite groupoid. If we do not 
permit (t, u) = 1 we see this class of matrix groupoids i.e., 
matrix groupoids of type I form a disjoint class from the matrix 
groupoids in which (t, u) = 1 . 

Now as in case of the other matrix groupoids of type 1 we in 
case of these groupoids also define all the properties without 
any modifications. 



Example 2.1.19: Let 



G = 



X; e Z;i = 1,2, 3, 4, 5 



choose (t, u) = (5, 10); 5, 10 e Z. {G, *, (5, 10)} is a matrix 
groupoid of type 1 of infinite order. 

Now we proceed onto define matrix groupoids of type II. 

DEFINITION 2.1.6: Let G = {collection of all row matrices or 
column matrices or m x n matrices with entries by Z„ or Q or Z 
or R} ‘or ’ is used in a mutually exclusive sense. 

Now choose t, u such that u = t. Then (G, * (t, t)) is another 
new class of matrix groupoids which we choose to call as 
matrix groupoids of type II. Clearly class of type I matrix 
groupoids are disjoint from the class of type II groupoids. 
Further they are also disjoint from the usual class of matrix 
groupoids. 

We will give some examples and discuss a few properties about 
them. 



Example 2.1.20: Let G = {(xi, x 2 , x 3 , x 4 , x 5 , x 6 , x 7 ) / x, e Z 2 i, 1 
< i < 7} be 1 x 7 row matrix built using Z 2 |. 

Take t = 8; {G, *, (8, 8)} is a row matrix groupoid of type 
II. 
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Z = (1, 1, 3, 2, 2, 0 1), (3, 2, 0 1, 20, 18, 7) = X and Y = (1, 
20, 4, 0, 7, 17, 3) e G. 

Z* (X * Y) 

= Z* [(3, 2, 0, 1, 20, 18, 7) * (1, 20, 4, 0, 7, 17, 3)] 

= Z* (3, 16, 0, 8, 13, 18, 14) + (8, 13, 3, 0, 14, 10, 3)] 

= (1, 1,3, 2, 2,0, 1) *(1 1,8, 3, 8, 6, 7,17) 

= (8, 8, 3, 16, 16, 0, 8) + (11, 3, 3, 3, 6, 14, 10) 

= (19,11,6,19,1,14,18) (1) 

(Z*X) * Y 

= {(1, 1,3, 2, 2,0, 1) * (3, 2 0, 1,20, 18,7)} * 

(1,20, 4, 0, 7, 17, 3) 

= [(8, 8, 3, 16, 16, 0, 8) + (3 16 0 8 13 18 14)] * 

(1,20, 4, 0, 7, 17, 3) 

= (11,3,3,3,8, 18, 1) + (8, 13, 11,0, 14, 10,3) 

= (19,16,14,3,1,7,4) (2) 

We see (19, 11,6, 19, 1, 14, 18) *(19, 16, 14,3, 1,7, 4). Thus * 
is non associative. 

Now we derive some properties of these matrix groupoids 
of type II. 

THEOREM 2.1.1: The matrix groupoids (G, * (t, t)) are matrix 
P-groupoids. G is the collection of row (or column or m x n 
matrix) with entries from Z n . 

Proof: Let A = (m,j) and B = (n,,) be row (or column or m x n) 
matrices with entries from Z n . Let t e Z n . To prove G is a P- 
matrix groupoid, we have to prove (A * B) * A = A * (B * A), 
Now 

(A * B) * A = (my) * (n„) * (m,,) 

= (tiny) + (toy) * (my) 

= (t 2 my) + (t 2 ny) + (tmy) (1) 

Consider 

A * (B*A) = (my) * (toy) + (tmy) 

= tmy + t 2 ny + t 2 niy (2) 
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We see 



A * (B*A) = (A*B) * A 

Thus (G, (t, t), *) is a matrix P-groupoid of type II. 

COROLLARY 2.1.1: We see if G = {( m ^ / ntjj gZ or Q or R} {G, 
* (t, t)) is a matrix P-groupoid of type II. 

Proof is left as an exercise to the reader. 



THEOREM 2.1.2: (G, * (t, t)}; G is row (or column or m x n) 
matrix with entries from Z p , p a prime. {G, * (t, t); 1< t < n} is 
not an alternative matrix groupoid. 



Proof: To show {G, *, (t, t); 1 < t < n} is not an alternative 
matrix groupoid we have to show (x * y) * y ^ x (y * y) for 
some x, y e G. (x = (my) and y = (ny). Consider 



(x * y) * y 



x * (y * y) 



((my) * (n.j)) * (ny) 

(t (my) + t (ny)) * (ny) 
t 2 (niy) + 1 2 (ny) + t (ny) 
t 2 (niy) + (t 2 + 1) (ny) 



(my) * (t n^ + t ny) 
toy + t 2 ny + t 2 ny 
toy + 2t 2 (ny) 



(I) 



(II) 



Now I and II are identical if and only if t 2 = t (mod p). But 
this is impossible as p is a prime. Hence I and II are never 
identical for 1 < t < n. 

Thus (G, * (t, t,)) is not a matrix alternative groupoid of 
type II. 



THEOREM 2.1.3: Let (G, * (t, t)) be a matrix groupoid of type 
two built using Z„ ( G, * (t, t)) is an alternative groupoid if and 
only if T = t (mod n). 

Proof: Let A = (my) and B = (ny) be any two matrices in G 
entries of A and B are from Z n . 
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(A * B) * B 



A * (B * B) 



[(my) * (ny)] * (ny) 

(tm,j + toy) x (nij) 

(t 2 niy + V ny) + toy) 

(tay + toy + t ny) as t 2 = t (mod p) 

(my) * (.1,1 * ny) 

(my) * (taij + toy) 

t niy + t 2 ny + t 2 n^ 

toy + toy + toy (as t 2 = t (mod p)). 



Thus A * (B * B) = (A * B) * B. Hence (G, (t, t), *) is an 
alternative matrix groupoid of type II. Also all matrix groupoids 
of type II are commutative. 

Next we proceed onto define the notion of matrix groupoids 
of type III. 



DEFINITION 2.1.7: Let G = {set of all column matrices or row 
matrices or m x n matrices with entries from the field Q or ring 
Z or R or Z n ) ‘or’ is in the mutually exclusive sense. We define 
for any A, B e G (A, B can be a row matrix or column matrix or 
a m x n matrix with entries for Z n or Q or Z or R) ‘or’ used in 
both the places only in the mutually exclusively sense. A * B = 
tA + uB where u or t is zero u, t € Z„ (or Z or R or Q) we define 
(G, * (t, u); u = 0, or t = 0) to a matrix groupoid of type III. 



We will illustrate this by the following examples. 



Example 2.1.21: Let G = {(ai, a 2 , a 3 , a 4j a 5 , a 6 ) | a, e Z 8 ; 1 < i < 
6} be the set of all 1 x 6 row matrices with entries from Z 8 . 
Define * on G as follows choose (3, 0) = (t, u) and for A, B e 
G. 

Define A * B = 3A + OB then (G, (3,0), *) is a matrix 
groupoid of type III. We see for (5, 3, 2, 1, 6, 7) = A and B = (1, 
0, 6, 5, 3, 2) 

A * B = 3 (5, 3,2, 1,6, 7) + 0 (1 0 6 5 3 2) 

= (7, 1,6, 3,2,5) gG. 

Take C = (2, 1,0, 7, 5, 3); now 
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(A * B) * C 



3(7, 1,6, 3, 2, 5) + 0(2, 1,0, 7, 5, 3) 
(5,3,2, 1,6, 7). 



I 



Consider 

A * (B * C) = A*(3 (1 06 5 3 2) + 0(2, 1,0, 7, 5, 3)) 

= (5,3,2, 1,6, 7) *(3,0, 2, 7, 1,6) 

= (7, 1,6, 3, 2, 5) II 

A * (B * C) ^ (A * B) * C evident from I and II. Thus (G, *, (3, 
0)) is a matrix groupoid of type III. 

THEOREM 2.1.4: (G, * (0, t)) where G is row (column or m xn 
matrix) matrix with entries from Z n ; n is not a prime. Then (G, 
* (0, tf) is a matrix P-groupoid of type III if and only if t 2 = 
t(mod n) 

Proof: Consider A, B e G 

A * (B * B) = (my) * [(ny) * (ny)] 

= (my) * (t.ny) (where A = (my) and B = (ny)) 

= t 2 ny 

= toy if and only if t 2 = t (mod n). 

Consider 

(A * B) * B = (0 + tB) * B 

= O.t B + tB = tB 

= toy. 

Thus A * (B * B) = (A * B) * B if and only if t 2 = t (mod n). 
Hence (G, *, (0, t)) is a matrix P-groupoid of type III. 

THEOREM 2.1.5: Let {G, ft, u), */ be the matrix groupoid with 
(t, u) = 1 with entries from Z n . This matrix groupoid is a 
semigroup if and only if r =t (mod n) and it =u (mod n); t, u € 
Z„ l {0} and (t, u) = 1. 

Proof: Given G = {all m x n matrices, 1 < m < oo and 1 < n < co 
with entries from Z n } . 
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Choose t,ueZ n \{0};t 2 = t (mod n), u 2 = u (mod ) and (t, 
u) = 1. To show (G, (t, u), *) is a matrix semigroup. 

Let A = (aij), B = (by) and C = (cy) be three matrices in G. 
Now 



(A * B) * C 



as t 2 = t (mod n). 
Consider 



((ay) * (by)) * (Cy) 
((tay) + (uby)) * (Cy) 

(t 2 ay) + (tu by) + (uCy) 
tay + (tuby) + UCy 



I 



A * (B * C) 



(ay) * ((by) * (Cy)) 

(ay) * C(tby) * (UCy)) 

(tay) + (tuby) + (u 2 Cy) (u 2 = u (mod n)) 
(tay) + (tuby) + (UCy) II 



I and II are the same. Hence (G, *, (t, u)) is a semigroup. 

Note: If n is a prime (G, *, (t, u)) is never a semigroup as u 2 = u 
(mod n) and t 2 = t (mod n) can never occur. 

THEOREM 2.1.6: The matrix groupoid (G, * (t, a)) is an 
idempotent matrix groupoid if and only if t + u = 1 (mod n) (G 
is the set of all m x n matrices; 1 <m < oo and 1< n < x> with 
entries from Z,f 

Proof: Given (G, *, (t, u)) is matrix groupoid row or column or 
m x n matrix; or in the mutually exclusive sense from Z n . Let A 
= (ay) e G 

A * A = (ay) * (ay) 

= tay + uay 
= (t + u) (ay). 

Now A * A = A implies (ay) = ((t + u) (ay)). That is ((t + u - 1) 
(ay)) = (0). This is possible if and only if t + u = 1 (mod n). 
Hence the claim. 

It is left as exercises for the reader to prove that zero 
matrix is not an ideal of the matrix groupoid (G, *, (t, u)). G is 
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the collection of matrices with entries from Z n and theorem 
2.1.7. 

THEOREM 2.1.7: Let (G, * (t, it)) and (G, * (u, tj) be a matrix 
groupoids with entries from Z„. P is a left ideal of ( G, * (t, u)) if 
and only ifP is a right ideal of ( G, * (a, tj). 

Recall a matrix groupoid ( G, * (t, u)) is simple if and only 
if (G, * ft, u)) has no normal subgroupoids. 

It is left as an exercise for the reader to prove the following two 
theorems. 

THEOREM 2.1.8: Let (G, * (t, u)) be a matrix groupoid with 
entries from Z n . If n = t + u where both t and u are primes then 
(G, * (t, u)) is a simple matrix groupoid. 

THEOREM 2.1.9: Let ( G, * (t, u)) be a matrix groupoid with 
entries from Z n , n even and t + u = n with (t, u) = t. Then (G, * 
(t, u)) has only one matrix subgroupoid of order n / 1 and it is a 
normal matrix subgroupoid of (G, * (t, u)). 

From the above theorem the following conclusion is obvious. 

THEOREM 2.1.10: Let (G, * (t, it)) be a matrix groupoid with 
entries from Z n , n even with (t, u) = t and t + u = n. Then (G, * 
(t, it)) is not a simple matrix groupoid. 

We say as in case of usual groupoid a matrix groupoid (G, 
* (t, it)) is a Smarandache matrix groupoid if (G, * (t, it)) has a 
matrix subgroupoid (H, * (t, it)) which is a matrix semigroup. 

Example 2.1.22: Let G = {(xi, x 2 , x 3 ) | x, e Zi 0 ; 1 < i < 3} be a 
collection of row matrices with entries from Zi 0 . 

Define * on G by (ay) * (by) = (ay) + (5.by)) (mod n) for all 
(ay), (by) e G. (G, *, (1, 5)) is a matrix groupoid built using Z w . 
H = {(0 0 0), (5 5 5)} *, (1, 5)) is a matrix semigroup. Flence 
(G, *, (1, 5)) is a Smarandache matrix groupoids. 

As in case of groupoids we can define in case of 
Smarandache matrix groupoid (G, *, (t, u)) Smarandache matrix 
subgroupoid (FI, *, (t, u) if (H, *, (t, u)) is a matrix subgroupoid 
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of (G, *, (t, u)) and H has a proper subset (K, *, (t, u)) such that 
(K, *, (t, u)) is a matrix semigroup. 

The following theorem can be proved by any interested reader. 

THEOREM 2.1.11: Every matrix subgronpoid of a matrix 
groupoid ( G , * (t, u)) need not in general be a Smarandache 
subgroupoid of (G, * (t, uj). 

The reader is expected construct examples of the above claim. 

Almost all properties enjoyed by groupoids can be derived 
in case of matrix groupoids more so the Smarandache 
properties. 

Also these matrix groupoids are both finite and infinite. We 
can also study about properties like isomorphism and 
homomorphism of matrix groupoids. Interested reader is 
expected to do this regular exercise. However the final chapter 
contains problems for the reader. 



2.2 Polynomial Groupoids 

In this section we introduce for the first time, the notion of 
polynomial groupoids built using Z n [x], n < go, or Z[x] or R[x] 
or Q[x], 

Some operation is defined on these sets so that the set 
together with the operation becomes a groupoid which we call 
as polynomial groupoids. 

We follow the notation if a 0 + aix + ... + a n x n is a 
polynomial of degree n then it is represented by the n + 1 tuple 
(a 0 , ai, , a n ), a, e Z n or R or Q or Z, 0 < i < n ‘or’ used in the 
mutually exclusive sense. (0, 0, ..., 0) denotes the zero 
polynomial 0 + Ox + . . . + Ox 11 . Thus x 3 + x + 1 is represented by 
(1 1 0 1). x 6 + 2x + 1 is represented by (1, 2, 0, 0, 0, 0, 1) and so 
on. Now we proceed onto define polynomial groupoids using 
Z n . 

DEFINITION 2.2.1: Let f(x) = a 0 + ... + a n x„ and b 0 + ... + b lt x n 
= g(x) be two polynomials in Z" [x], where Z" [x] denotes the 
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collection of all polynomials of degree less than or equal to n 
with coefficients from Z m (m < oo; n < oo). 

We define f (x) * g (x) as follows f(x) = (an, a it ..., a n ) and 
g(x) = (b 0 , b lt ..., h„) 

f( x) *g(x) = (a 0 , a h ..., a n ) * (b n , b h ..., b„J 

= ( a 0 b h a,b 2 ..., a n .,b n , a„) 

= a 0 bi + af 2 x + ... + a n .j bn x n ~‘ + a n x n 
= h(x) £ Z" [x] (multiplication of af is modulo 
m). 

Thus the coefficients are reshuffled in this way. ( Z” [x], *) 
is defined as the polynomial groupoid of degree n with entries 
from Z m . If 

g(x) = an + a; x + ... + a„x" 

h(x) = bn + hi x + ... + b„x" 

t(x) = tn + ti x + ... + t„ x" 
a i, bi, tj € Z m ; 1 <i <n. 

(g(x) * h (x)) * t(x) = (a„ <3/ ... a,J * (b 0 , ..., bj) * (t 0 , ..., tj 

= (a 0 b, aib 2 ... a b„, a„) * (t 0 , t h ..., t„) 

= (a 0 bitu a 2 b 2 t 2 , ..., a„_; b t n , a„) I 

g (x) * h (x) * t(x)) = g(x) [(b 0 , b I} ..., b n ) * (t 0 ,t h ..., t„)) 

= ( do, a,, ..., aj* (b 0 t h b, t 2 , ..., b n .i t n , b„) 

= (a 0 b, t 2 , aj b 2 t 3 , ..., a n . ; b„, a,) II 

Clearly the polynomials given by I and II are different. Thus 
the operation * in general is non associative. 

We will first illustrate this by some simple examples. 

Example 2.2.1: Let G = {(x b x 2 , x 3 , x 4j x 5 ) / x, e Z 5 , l<i<5} all 
polynomials of degree less than or equal to four with 
coefficients from Z 5 . Define * on G as follows. 

Let 

f(x) = 3x 2 + 4x + 1 = (1,4,3, 0, 0) 

and 

g (x) = 4x 4 + x 3 + 4 = (4, 0, 0, 1,4) 
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f(x)*g(x) = (1, 4, 3, 0, 0) * (4, 0, 0, 1, 4) 

= (0, o, 3, 0, 0) 

= 3x 2 



g(x)*f(x) = (40 0 1 4) *(1 4 3 00) 

= (1 0 0 0 4) 

= 1 + 4x 4 . 



We see in the first place in general f(x) * g(x) ^ g(x) * f(x). 
Now we show is non associative . 

Choose 

h(x) = 3x 4 + 2x 3 + x 2 + 4x + 1 

= (1,4, 1,2,3). 

Now 



(f(x) * g(x)) * (h(x)) 



(00 3 0 0) *(1 4 1 2 3) 

(00 1 00 ) 

2 



[f(x) * g(x)] * h(x) 
Consider 

f(x) * [g(x) * h(x)] 



f(x)[(4 0 0 1 4) * (1 4 1 2 3)] 
f (x) * [1 0 03 4] 

(1 4 3 0 0 ) (1 0 0 3 4) 

( 00400 ) 

4x 2 II 



We see I and II are different. 

It is important to mention here that one need not restrain 
one’s study to polynomials with coefficients from Z m (m < oo 
modulo integers). We can define polynomial groupoids using Z 
or Q or R. It is pertinent to record here that authors have solved 
the open problem proposed in [20] that we can have an infinite 
class of groupoids which are Smarandache groupoids and the 
cardinality of these polynomial matrix groupoids are infinite 
when built over Z or Q or R. 

The following example answers the open problem. 

Example 2.2.2: Let G = {all polynomials of degree less than or 
equal to n} (G, *) is a polynomial groupoid. Take P = {mx 11 | m 
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e Z or R or Q}. (P, *) is a semigroup. Hence (G, *) is a 
polynomial Smarandache groupoid. Take p(x) = 20x n , q(x) = 
4x n and r(x) = -5x n . 

(p(x) *q(x) * r(x)) = [(0, 0, 20) * (0, 0, 0, 4)] * 

(0, -5) 

= (0, 0, 0, 20) * (0,0, -5) 

= ( 0 , 0 ,... , 20 ) 

- p(x). 

p(x) * [q(x) * r(x)] = [(0, ..., 0, 20) * (0,0, ..., 0, 4)] * 

(0, ..., 0 , -5) 

= (0,0, ...,0,20) *(0,0, ..., 0,4) 

= ( 0 , 0 ,... , 20 ) 

- P(x) 

Thus * on P is associative. Hence (P, *) is a semigroup in 
(G, *). Thus (G, *) is a polynomial Smarandache groupoid 
which is of infinite order. 

Now we have mainly constructed this class of polynomials 
to show that a solution to the open problem in [20] exists. 

Before we proceed onto define classes of polynomial 
groupoids in a very usual way similar to the one done in matrix 
groupoids, we extend the notion of polynomial groupoids to any 
polynomial ring which has polynomials of all degrees. 

Thus if 

G=|^a i x 1 ajGZ;0<i<oo 

G=o 

all polynomials of any degree with coefficients from Z in the 
variable x. Any polynomial 

oo 

p(x) = Yj a i x ' = ( a o> a n •••> «; 

i=0 

a A e Z. If 

00 

q(x) = ^bjX 1 = (b 0 , bi, ..., b x ), 

i=0 

P(x) * q(x) = (a 0 b,, aj b 2 , a 2 b 3 , . . ., a*). 
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Thus (G, *) is again an infinite groupoid. 

Now we proceed onto define a different type of operation on G. 

DEFINITION 2.2.2: Let G = {all polynomials in the variable x 
with coefficients form Z m , m < oo of degree say less than or 
equal to n}. Define for any p(x) = p 0 + pi x + ... + p„ x" and 
q(x) = q 0 + qi x + .... + q„x" a binary operation * as follows 

p(x) * q(x) = (tp 0 + uq 0 ) + (tpt + uqi) x + ... + (tp„ + uq„)x n 



where t, u € Z m l {0} (t, u) = 1 and t &u; p„ q, e Z m ; 0 <i <n. It 
is easily verified (G, * (t, u)) is a groupoid. This groupoid is 
defined as polynomial groupoid of type I. 

We will illustrate this situation by some examples. 



Example 2.2.3: Let 

G = |Z a . xl 



a i g Z 8 ;0 < i < 5 xan indeterminate} . 



(G, *, (3, 2)) is a polynomial groupoid of finite order of type 1. 



Example 2.2.4: Let 



G= 2 >. x ‘ 



a ; g Z;n < co,0 < i < n 



all polynomial of degree less than or equal to n with coefficients 
from Z. Choose (22, -81) = (t, u). It is easily verified (G, *, (22 
- 8 1 )) is polynomial groupoid of infinite order and is type 1. 

If we consider polynomials P of the form 

n 

Z a i xl ;a e Z; 

i=0 

{P, *, (22, -81)} is a polynomial subgroupoid of {G, *, (22, 
-81)}. 

The reader is given the task to prove or disprove (P, *, (22, 
-81) is a semigroup. 
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Example 2.2.5: Let 
G = 



f 3 


1 


2 >. x ‘ 

G=o 


a t eZ 3 ;0<i<3j 



all polynomials in the variable x of degree less than or equal to 
3 with coefficients from Z 3 . 

We see we have only two polynomial groupoids of type 1 
constructed in this way. They are {G, *, (2, 1)} and {G, *, (1, 
2)}. Here it is important to note that we can have infinite 
number of polynomial groupoids built using Z 3 . This is done by 
varying the degree of the polynomials from 1 to n; n < ®. 
However for each degree fixed as m; m < » we can have only 
two distinct polynomial groupoids of type 1 built using Z 3 . 

We consider the following examples to give subgroupoids of 
type 1. 

Example 2.2.6: Let 



fiv 


a, e Z 10 ;0 < i < 3 ] 


G=o 


J 



be all polynomials in the variable x with coefficients from Zi 0 of 
degree less than or equal to two. (G, *, (1, 5)) is a polynomial 
groupoid of type 1 built using Zi 0 . 

Consider 



P = 



f 2 


1 


Z a . x ‘ 

[.=0 


a = 0 or 5 j 



(P, *, (1, 5)) is a polynomial subgroupoid of G. 



Now we proceed onto define type 11 polynomial groupoids. 



Definition 2.2.3: Let 

G= jXw*' 



a l e Z.O <i<n\ 
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be all polynomials in the variable x with coefficients from Z n of 
all possible degrees including infinity. Define a binary 
operation * on G as follows. 

If 

n n 

p(x) = ^ pyx' and q(x) = ^ qffi 

i=0 i=0 

then 

n 

P(x) *q(x) = ^(tP.+uq.ffi 

i=0 

‘+ ’ modulo n where (t,u) g Z n \{0} but (t,u) ^ 1. Then (G, *,(t, u)) 
is defined as the polynomial groupoid of type II built using Z n . 

Note: Z n can be replaced by Q or Z or R and still polynomial 
groupoid will continue to be of type 11 groupoid. 

We will illustrate this situation by some examples. 



Example 2.2. 7: Let 



g= ix x ‘ 



a t g Z 18 ;0< i< 12 



all polynomials in the variable x with coefficients from Zig of 
degree less than or equal to 12. Define * on G as follows 

12 

p(x) * q(x) = X(tp, +uq 1 )(modl8)x 1 

i=0 



where (t, u) = (4, 6) ; 4, 6 g Z 18 (G, *, (4, 6)) is a polynomial 
groupoid of type II built using Zi 8 . 

We have a very large class of polynomial groupoids of type 
II. We will give some properties enjoyed by them once we 
define two more types of polynomial groupoids. 

Definition 2.2.4: Let 



f n 


) 


U=0 


a j g Z m ;0 <i<n | 
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all polynomials of degree less than or equal to n with 
coefficients from Z m }. Define the operation * on G as follows: 
for any polynomial 

n 

p(x) = YjP: x ‘ 



q(x) = J^qf . 

i=0 

Define 

n 

P(x) * q(x) = ^( tp i + uq. ) (mod m) x 

i=0 

where t, u £ Z n \ {0} and t = u. 

It is easily verified (G, *, (t, t)) is a polynomial groupoid and 
this is defined as a polynomial groupoid of type II. 

We will illustrate this by a few examples. 



Example 2.2.8: Let 
G = 



|Z a . xl 


a t g Z, 4 ;0 < i < 7 ] 


u=° 


J 



all polynomials in the variable x with coefficients from Z 24 of 
degree less than or equal to 7. 

Define * on G by 



( v > 




( 7 "N 


Zp ^ 1 


* 


Zq.x 1 


V i=0 ) 




V i=0 y 



P(x) * q(x) 

= Z( 4 Pl + 4 q.) (mod 24) x 1 



It is easily verified (G, *, (4, 4)) is a polynomial groupoid of 
type III using Z 2 4 . 

We show * in general in non associative. 

Take p(x) = 5x 3 + 7x + 3, q(x) = 8x 5 + 4x 2 + 2x + 1 and r(x) 
= x 6 + 5x 5 + 7x 2 + 13 in G. 

Consider 
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(p(x) * q(x)) * r(x) 

= {(5x 3 + 7x + 3) * (8x 5 + 4x 2 + 2x + 1)} * 

(x 6 + 5x 5 + 7x 2 + 13) 

= (20x 3 + 8x 5 + 16 + 16x 2 + 12x) * (x 6 + 5x 5 + 7x 2 + 13) 

= (4x 6 + 4x 5 + 3x 3 + + 20 x 2 +20) 1 

Consider 

p(x) * (q(x) * r(x)) 

= (5x 3 + 7x + 3) * [(8x 5 + 4x 2 + 2x + 1) * 

(x 6 + 5x 5 + 7x 2 + 13)] 

= (5x 3 + 7x + 3)* [4x 6 + 8x + 8 + 20x 2 + 4x 5 ] 

= [16x 6 + 16x 5 + 20 + 12x + 8x 2 + 20x 3 ]. 11 

We see 1 and 11 are not the same polynomial so the 
operation * in general is non associative. Thus (G, *, (4, 4)) is a 
polynomial groupoid of type III built using Z 2 4 . 

Example 2.2.9: Let 

G= |Z a . x ‘ a , e z 7 ;0 < i < 4-j 

all polynomials in the variable x of degree less than or equal to 
4 with coefficients from Z 7 . 

Define * on G by a * b = 4a + 4b(mod 7) i.e. (G, *, (4, 4)) is 
a polynomial groupoid of type III. Take 

a = (3x + 2) 
b = (4x 2 + 2x + 5) 
and 

c = 6x 4 + 4x 3 + 5x + 1 . 

(a * b) * c = [(3x + 2) * (4x 2 + 2x + 5)] * 

(6x 4 + 4x 3 + 5x + 1) 

= (6x + 2x 2 ) * (6x 4 + 4x 3 + 5x + 1) 

= 3x 4 + 4 + 2x + x - + 2x 3 I 

a * (b * c) = (3x + 2) * [(4x 2 + 2x + 5)*(6x 4 + 4x 3 + 5x + 1 )] 

= (3x + 2) * [3x 4 + 2x 3 + 2x 2 + 3] 

= [5x + 6 + 5x 4 + x 3 + x 2 ] II 
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I and II are different. Hence (G, *, (4, 4)) is a polynomial 
groupoid with entries from Z 7 of type III. 

Now we proceed onto define type IV polynomial groupoids. 
DEFINITION 2 . 2 . 5 : Let G = \ ^ ; 0 < i< n; a, e Z m } be all 

[ i=0 

polynomials with coefficients from Z m . Define * on G as g(x) * 
h(x) = [tg(x) + 0 h(x)] ; t g Z m . { G , * (t, 0)} is a polynomial 
groupoid of type IV with entries from Z m . 

We will illustrate this situation by some examples. 

Example 2.2.10: Let Z 8 = {0, 1, 2, ..., 7} ring of modulo 
integers eight. Choose 



1 


r 26 


1 


H 


Za.x 1 

l>0 


a t eZ 8 ;0<i<26| 



all polynomials of degree less than or equal to 26 with 
coefficients from Z 8 in the variable x. 

Let t = 5 eZ 8 . Define for any two polynomials g(x), h(x) in 
G. g(x) * h(x) = tg(x) + 0 h(x). {G, *, (5, 0)} is a polynomial 
groupoid of type IV with entries from Z 8 . 

Example 2.2.11: Let 



!z a . xi 


aj g Z 23 ;0< i< 5 ] 


U=0 


J 



be the collection of all polynomials with entries from Z 2 3 , in the 
variable x of degree less than or equal to 5. For p(x), q(x) e G 
define p(x) * q(x) = 4p(x) + 0q(x) = (G, *, (4, 0)} is a 
polynomial groupoid of type IV with entries from Z 5 . 

Suppose Z p [x] contains polynomials in the variable x with 
coefficients from Z p . Define operation * on Z p [x] by p(x) * q(x) 
= tp(x) + 0q(x), p(x), q(x) e Z p [x] and t e Z p {Z p [x], *, (t, 0)} is 
an infinite polynomial groupoid of type IV of infinite order. 
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When t = 1 we get (Z p [x], *, (1, 0)) to be a semigroup where 
p is a prime if in Z n [x]; n is not a prime and U t e Z„ \ {0} is 
such that t 2 = t(mod n) then we see [Z n [x], *, (t, 0)] is a 
semigroup. 



We will illustrate this situation by an example. 



Example 2.2.12: Let Z 6 [x] be a polynomial ring. Let [Z 6 [x], *, 
(3, 0)] be the polynomial groupoid of type IV. Take 3 e Z 6 we 
see p(x) * q(x) = 3p(x). 

Now 

(p(x) * q(x)) * r(x) = (3p(x) + 0) * r(x) 

= 3p(x) * r (x) 

= 3p(x) (y 3 2 = 3(mod6)). 

P(x) * (q(x) * r(x)) = p(x) * [3q(x)] 

= 3p(x) + 0 

= 3p(x). 



Thus * on Z 6 [x] is associative when t = 3; t e Z 6 . 

Motivated by this example we see we have for the class of 
polynomial groupoids {Z n [x], *, (t, 0)} for t e Z n , we have some 
of them to be polynomial semigroups, for if t = 1 {Z n [x], *, (1, 
0)} is a polynomial semigroup. In view of this we define the 
Smarandache special class of groupoids. 

DEFINITION 2.2.6: Let G(S) = {Class of groupoids defined 
using the same set S}. If G(S) has atleast one semigroup then we 
call G(S) to be a Smarandache Special Class of groupoid. (SSC- 
groupoids). 

We will illustrate this by an example. 

Example 2.2.13: Let G(Z 6 [x]) = {Z 6 [x], *, (t, 0); t e Z 6 } be 
class of polynomial groupoids built using Z 6 [x], We see when n 
= 3, n = 4 and n = 1 we get polynomial semigroups; hence 
G(Z 6 [x]) is a Smarandache Special Class of groupoid. 



THEOREM 2.2.1: Let G(Z„[x]) = {Z„[x]; *; (t, 0); t e Z n } be a 
class of polynomial groupoids. G(Z,fx]) is a SSC - groupoid. 
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Proof: Since 1 e Z n we see {Z n [x], *, (1, 0)} e G(Z n [x]) is a 
polynomial semigroup, hence G(Z[x]) is a SSC-groupoid. 

Example 2.2.14: Let G(Zi 2 [x]) be the class of groupoids built 
using Zi 2 [x], Take H! = {Zi 2 [x], *, (4, 0), 4 eZ 12 }, H 2 = {Z 12 [x], 
*, (9, 0)} and H 3 = {Z 12 [x], *, (1, 0)} in G(Zi 2 [x]). H h H 2 and 
H 3 are polynomial semigroups. Hence G(Zi 2 [x]) is a SSC- 
groupoid. 

Example 2.2.15: Let G(Z 30 [x]) be the class of polynomial 
groupoids built using Z 30 [x]. Take Hi = {Z 30 [x], *, (15, 0)}, H 2 
= {Z 30 [x], *, (1, 0)}, H 3 = {Z 30 [x], *, (10, 0)} and H 4 = {Z 30 [x], 
*, (6, 0)} are polynomial semigroups. So G (Z 30 [x]) is a SSC- 
groupoid. 

Now we will give classes of SSC-groupoid. 

THEOREM 2 . 2 . 2 : The class of groupoids Z(n) = {Z n , * (t, it)} n, 
not a prime; is a SSC-groupoid. 

Proof: We see Z(n) has semigroups. For if (t, u) = 1 with t,ue 
Z n \ {0} with t 2 = t (mod n) and u 2 = u (mod n) then (Z n , *, (t, 
u)} is a semigroup. Hence Z(n) is a SSC-groupoid. 

We will illustrate this situation by an example. 

Example 2.2.16: Take {Z 12 , *, (4, 9)} e Z(12). (Z 12 , *, (4, 9)) is 
a semigroup as 4 2 = 4 (mod 12) and 9 2 = 9 (mod 12). 

Now we will construct a class of infinite groupoids. 

DEFINITION 2 . 2 . 7 : Let G = {Q[x], * (m, n) / m, n € Z ; (m, n) 
= 1}. It is easily verified G is a groupoid of infinite order. This 
groupoid will be known as polynomial groupoid with rational 
coefficients. 
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DEFINITION 2.2.8: Let G* = {Q[x ], * (m, n) / m, n € Zf, (m, n) 
= d}. This groupoid is known as the polynomial groupoid with 
rational coefficients (d # 7 . If d = 1 G = G*). 



Example 2.2.17: Let G = {Q[x], *, (5, 7)} be a polynomial 
groupoid with rational coefficients. Let 

p(x) = x + 1, 

, 7 5 

q(x) = 3x~ + — x + - 
2 3 



and 



r (x) = 5x 3 



3 

2 



x + 9 e Q[x], 



P(x) * (q(x) * r (x)) 
= p(x) * [15 x 



2 ,35x ,25 , _ 3 21 



— + 35x x + 63] 

3 2 



= p(x) * [35x 3 + 15x 2 + 7x- 



25 « 
1-63 

3 



5(x + 1) + 35 x 7x 3 + 105x 2 + 49x ■ 



25 + 189 



Consider 

(P(x) * q(x)) * r(x) 

= (5 (x+1) + 21x 2 + ^- + y)*(5x 3 - y +9) 

= 25x + 25 + 105x 2 + ^^x + +35x 3 - — x +63 



= 35x 3 + 105x 2 + (25 + ^ 1 - — )x + (25 + 63 + ^ 1 ) 

2 2 3 

II 



Clearly I and II are not equal so the operation * in general 
defined on Q[x] is non associative. 

Next we proceed onto give an example in which (m, n) = d ^1. 
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Example 2.2.18: Let G* = {Q[x], *, (6, 3) = 3} be a polynomial 
groupoid. Take 

p(x) = x 7 + 1, 
q(x) = 8x 4 

and 

r(x) = 3x 2 + 5x + 1. 

(p(x) * q(x)) * r (x) = [6 (x 7 + 1) + 3 x 8x 4 ] * (3x 2 + 5x + 1) 

= (6x 7 + 6 + 24x 4 ] * (3x 2 + 5x + 1) 

= (36x 7 + 36 + 14 4x 4 ) + 9x 2 + 15x + 3 

= 36x 7 + 144x 4 + 9x 2 + 15x + 39 I 

p(x) * (q(x) * q(x)) = p(x) * [48 x 4 + 9x 2 + 15x + 3] 

= 6x 7 + 6 + 144x 4 + 27x 2 + 45x + 9 

= 6x 7 + 144x 4 + 27x 2 + 45x + 15 II 

I and II are not equal. Hence G* is a groupoid and is not a 
semigroup. 

DEFINITION 2.2.9: Let G** = {Q[x ], * (t, 0) / t e Z* \ {0}}. 
G** is a polynomial groupoid with polynomials from Q[xJ. 

We will illustrate this situation by an example. 

Example 2.2.19: Let G** = {Q[x], *, (5, 0)} be a polynomial 
groupoid. Take p(x) = 8x 3 , q(x) = 5x 2 + 1 and r(x) = x 5 in Q[x], 

(p(x) * q(x)) * r (x) = (40x 3 + 0) * r (x) 

= 200x 3 I 

p(x) * (q(x) * r (x)) = 8x 3 [25x 2 + 5 + 0] 

= 40x 3 II 

It is pertinent to mention here that we can build groupoids 
using Z[x] or R[x] or C[x] in a similar way. We can derive 
many interesting properties about these polynomial groupoids. 
Infact all these groupoids are of infinite order. Interested reader 
is expected to derive interesting properties about these 
groupoids. 
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2.3 Special Interval Groupoids 

In this section we introduce yet another special class of 
groupoids called interval groupoids. Here we construct several 
interesting properties about them. 

Notations: Let 

Z\ = {[a, b] | a, b g Z + u {0}, a < b} 

Q| = {[a,b]|a,b e Q + u {0},a<b} 

R( = {[a, b] | a, b g R + u {0}, a < b}. 

Clearly Z\ c Q( c;R(. Consider Z' n = {[0, r] | r e Z n } is 
the set of intervals in Z n . 

Now using these four classes of intervals we build classes of 
groupoids. 

Definition 2.3.1: Let G * (Z' n ) = {[0, r], * (m, p) / r, m, p g 
Z„ with (m, p) = 1, m and p primes} where [0, r] * [0, s] = [0, 
mr + ps (mod n)]. G * (Z[) is a class of groupoids, defined as 
modulo integer interval groupoids of level one. 

Clearly G * (Z' n ) has only finite number of elements. 

We will illustrate this by some examples. 

Example 2.3.1: Let G * (Z[ 2 ) = {[0, s], *, (5, 7); 5, 7, s g Z 12 } 
be a modulo integer interval groupoid of level one. G * ( Z[ 2 ) 
has 12 elements. 

Example 2.3.2: G * (Z[ 9 ) = {[0, s], *, (11, 7), 11, 7, s e Z 19 } is 
a modulo integer interval groupoid of level one. 

Now we proceed onto define interval groupoids of level one 
with entries from Z + u {0} or Q + u {0} or R + u {0} or C + u 
{0}. 
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Definition 2.3.2: G(S) = {[0, a], * (p, q) = 1; a, p, q g Z' u 
{0}} (or C , Q or R + ) p and q primes} where * is defined as [0, 
a] * [0, b] = [0, pa + qb] g G(S) and S = C} or Z] or R] . 
G(S) is a class of interval groupoids of level one. 

As p, q g Zd 1 {0}, vary over Z \ {0} we get infinite number 
of interval groupoids. S can be R, C} or Q) . 

We will illustrate this by some examples. 

Example 2.3.3: Let G*(Z^) = {[0, a], *, (5, 19); a, 5, 19 e Z + } 
be an interval integer groupoid of level one. It is easily verified 
* in general is non associative. For take [0, 1], [0, 3] and [0, 2] 
in G*(Z^). 

[0 1] *([0 3]* [0 2]) = [0 1] * ([0, 15] + [0, 38]) 

= [0 1] * [0, 53] 

= [0, 5] + [0,53 x 19] 

= [0,5 + 53x19] I 

([0,1] *[0 3]) *[0 2] = ([0, 5] + [0, 57]) * [0, 2] 

= [0, 62] * [0, 2] 

= [0,310] + [0,38] 

= [0, 348] II 

Clearly I and II are not equal; hence G * ( Z( ) is a integer 
interval groupoid of level one. 

Example 2.3.4: Let G * (Q() = {[0, a], *, (2, 3); a, 2, 3, e Q + } 
be the rational interval groupoid of level one. 

Example 2.3.5: Let G* (R[) = {[0, a], *, [3, 23], a, 3, 23 e R + } 
be a real interval groupoid of level one. 

Example 2.3.6: Let G* (C[) = {[0, a], *, (3, 2) | a, 3, 2 e C + } 
be a complex interval groupoid of level one. 
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Example 2.3.7: Let G*(R() = {[0, a], *, (29,53); a, 29, 53 e 
R + } be a real interval groupoid of level one. 

Now we proceed onto define the notion of real or complex or 
integer or rational interval subgroupoid of level one. 

DEFINITION 2.3.3: Let T e G * (S) be a real or complex or 
integer or modulo integer or rational interval groupoid of level 
one. 

Let P <r T (P a proper subset of T). IfP itself is a real or 
complex or integer or modulo integer or rational interval 
groupoid of level one then we call P to be a real or complex or 
integer or modulo integer or rational interval subgroupoid of T 
of level one. 

We will illustrate this situation by some examples. 

Example 2.3.8: Let {[0, a], *, (3, 2); a, 3, 2 e Z 12 } e G * (Z[ 2 ) 
be a modulo integer groupoid of order 12 of level one. Take P = 
{[0, 2], [0, 0], [0, 4], [0, 6], [0, 8] [0, 10], *, (3, 2)} c= {[0, a], *, 
(3, 2), a, 3, 2, e Z 12 } e G * (Zj 2 ); P is a modulo integer interval 
subgroupoid of order 6. 

Example 2.3.9: Let T = {[0, a], *, (5, 3) | 5, 3, a e Z [2 } be a 
modulo integer interval groupoid of level one. 

The reader is requested to find modulo integer interval 
subgroupoids of level one. 

Example 2.3.10: Let R = {[0, a], *, (3, 2); a e Z + u {0}} be an 
integer interval groupoid of level one. 

Take P = {[0, a], *, (3, 2); a e 2Z + u {0}} c R. P is a 
integer interval subgroupoid of R of level one. 

Example 2.3.11: Let T = {[0, a], *, (5, 7) / a e R + u {0}} be a 
real interval groupoid of level one. Take P = {[0, a], *, (5, 7) / a 
e Q + u {0}} c T. P is a real interval subgroupoid of level one. 



51 




Remark: It is important and interesting to note that P is not a 
real interval groupoid but only rational interval groupoid so how 
much are we justified in calling it as a real interval subgroupod. 
But by the rule of convention we call so. 

Example 2.3.12: Let T = {[0, x], *, (7, 3) / x, 7, 3 g Q + u {0}} 
be a rational interval groupoid of level one. Take P = {[0, a], *, 
(7, 3) / a, 7, 3 e Z + u {0}} c T; P is a rational interval 
subgroupoid of T of level one. 

Example 2.3.13: Let T = {[0, a], *, (17, 2) / a, 17, 2 g C + u 
{0}} be a complex interval groupoid. Let S = {[0, a], *, (17, 2) / 
a, 17, 2 g Z + u {0}} cT; Sis a complex interval subgroupoid 
of T of level one. 

Now we proceed onto define interval groupoid of level two. 

Definition 2.3.4: Let G** (Z[) = {[0 a], * (p, q) = 1, a, p 
and q are in Z n ;} where [0, a] * [0, b] = [ 0 , pa + qb (mod n)]. 
G * * (Z' H ) is defined as the class of modulo integer interval 
groupoid of level two. 

Example 2.3.14: Let T = {[0, a], *, (5, 8), a, 5, 8 g Z 9 } c G** 
( Z \ ) be the modulo integer interval groupoid of level two. 

Example 2.3.15: Let P = {[0, a], *, (9, 10), a, 9, 10 e Z u } c 
G** ( Zjj ) be the modulo integer interval groupoid of level two. 

Like wise we can define class of integer interval groupoid 
of level two; G**(Z( ) = G**((Z + u {0}} 1 ), class of real interval 
groupoid of level two; G**(R() = G**((R + u {0}) 1 ), class of 
rational interval groupoid of level two; G**(Q() = G**(Q + u 
{0}) 1 ) and class of complex interval groupoid of level two G** 
(C() = G**((C + u {0} 1 ). 

We make an assumption ( C( ) or Z( or Q( or R( contains 

{ 0 }. 
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Example 2.3.16: Let T = {[0, a], *, (8, 15), 15, 8,aeZ + u {0}} 
be an integer interval groupoid of level two. 

Example 2.3.17: Let S = {[0, a], *, (19, 16), a e Z + u {0}} be 
the integer interval groupoid of level two. 

Example 2.3.18: Let P = {[0, a], *, (27, 64), a, 27, 64 e Q + u 
{0}} be the rational interval groupoid of level two. 

Example 2.3.19: Let T = {[0, x], *, (27, 43), x, 27, 43 e R + u 
{0}} be the real interval groupoid of level two. 

Example 2.3.20: Let W = {[0, y], *, (43, 7); y, 7, 43 e C + u 
{0}} be the complex interval groupoid of level two. 

It is both interesting and important to note the following. 

The class of integer interval groupoids of level two c The class 
of rational interval groupoids of level two c The class of real 
interval groupoids of level two c The class of complex interval 
groupoids of level two; that is G** (Z() c G** (Q() c 

G**(R()cG**(C(). 

Same type of containment is true in case of interval 
groupoids of level one. 

Now we will call a level one interval groupoid to be simple 
if it has no proper interval subgroupoids of level one. 

We see G*(Z| 1 ); when n is a prime is a simple modulo 
integer interval groupoid of level one. 

Example 2.3.21: Let T = {[0, a], a e Z 5 , *, (3, 2)} be a modulo 
integer interval groupoid of level one. T = {[0, 0], [0, 1], [0, 2], 
[0,3], [0,4], *(3,2)}. 

We assume [0, 0] is not an interval groupoid as [0, 0] = [0] 
the degenerate interval. Now T is a simple modulo integer 
interval groupoid of level one. Thus we have a class of simple 
modulo integer interval groupoids of level one. 

Now we can define interval subgroupoids of level two. 
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DEFINITION 2 . 3 . 5 : Let T = {[0, a], * (p, q), a, p, q e Z n j be a 
modulo integer interval groupoid of level two. IfP cr T is such 
that P = {[ 0, a], * (p, q)} c: T is a proper subset of T and P 
itself is a modulo integer interval groupoid of level two; then we 
call P to be a modulo integer interval subgroupoid of level two 
of T. When T has no interval subgroupoid of level two; then we 
call T to be a simple modulo integer interval groupoid of level 
two. 

We will illustrate both the situation by some examples. 

Example 2.3.22: Let T = {[0, a], *, (3, 8), a, 3, 8 e Q + u {0}} 
be a rational interval groupoid of level two. Take P = {[0, a], *, 
(3, 8), 3, 8, a e Z + u {0}} c T; P is a rational interval 
subgroupoid of level two. 

Example 2.3.23: Let T = [0, a], *, (9, 8), 9, 8, a e R + u {0}} be 
a real interval groupoid of level two. Take P = {[0, a], *, (9, 8), 
a, 9, 8 e Q + u {0}} c T, P is a real interval subgroupoid of 
level two. 

Example 2.3.24: Let T = {[0, a]; *, (15, 8); 15, 8, a e Z 30 } be a 
modulo integer interval groupoid of level two. Take P = {[0, 0], 
[0, 10], [0, 20], *, (15, 8), 15, 8 e Z 30 } c T. P is a modulo 
integer interval subgroupoid of level two of T. 

Example 2.3.25: Let S = {[0, a], *, (9, 8); a, 9, 8 e Z u } be a 
modulo integer interval groupoid of level two. 

Clearly S has no modulo integer interval subgroupoid of 
level two. Hence S is a simple modulo integer interval groupoid. 

The following theorem is left as an exercise for the reader to 
prove. 

THEOREM 2 . 3 . 1 : Let G**(Z , p ) be the collection of modulo 
integer interval groupoids of level two. Every modulo integer 
internal groupoid in G**(Z p ) is simple; p a prime. 



54 




Now we proceed onto define interval groupoids of level 
three. 

DEFINITION 2.3.6: Let G**(Z'j = {[0, a]; * (p, q) = d # 1} 
where * is such that [0, a] * [0, b] = [0, pa+qb (mod n)J we 
define G***(Z I n ) to be the class of modulo integer interval 
groupoid of level three. 

If we replace Z' n by Z) we call G***(Z( ) to be the class 
of integer interval groupoid of level three. 

If Z' n in the definition is replaced by Q, we call G ***( Qf ) 
to be the class of rational interval groupoids of level three. If 
Z' n in the definition is replaced by R]we call G***(R() to be 
the class of real interval groupoids of level three. If in the 
definition Z[ is replaced by C( we call G***(C( ) to be the 
class of complex interval groupoid of level three. 

We will illustrate each of the situation by some examples. 

Example 2.3.26: Let T = {[0, a], *, (8, 24); a, 8, 24 e Z 30 } be a 
modulo integer interval groupoid of level three. 

Example 2.3.27: Let T = {[0, a], *, (9, 3); a, 9, 3 e Z n } be a 
modulo integer interval groupoid of level three. 

Example 2.3.28: Let P = {[0, a], *, (27, 30); a, 27, 30 e Z + u 
{0}} be the integer interval groupoid of level three. 

Example 2.3.29: Let P = {[0, a], *, (11, 66); a, 11, 66 e Z + u 
{0} } be the integer interval groupoid of level three. 

Example 2.3.30: Let T = {[0, a], *, (12, 26); a, 12, 26 e Q + u 
{0}} be a rational interval groupoid of level three. 

Example 2.3.31: Let F = {[0, a], *, (28, 35); a, 28, 35 e R + u 
{0}} be the real interval groupoid of level three. 
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Example 2.3.32: Let E = {[0, b], *, (7, 497); b, 7, 497 e C + u 
{0}} be the complex interval groupoid of level three. 

Now we proceed onto define the notion of interval subgroupoid 
of level three. 

DEFINITION 2 . 3 . 7 : Let T = {[0, a], * (p,q)=d*l p, q, d. a g 
Z n } be a modulo integer interval groupoid of level three. Let P 
cr T; if P is a modulo integer interval groupoid of level three 
and P is a proper subset ofT we call P to be the modulo integer 
interval subgroupoid of T of level three. 

If T has no proper modulo integer interval subgroupoid 
then we call T to be a simple modulo integer interval groupoid. 

Analogous definitions hold good in case of integer or real or 
rational or complex interval groupoid of level three. 

We will illustrate this situation by some simple examples. 

Example 2.3.33: Let T = {[0, a], *, [15, 10], a, 10, 15, e Z 6 o} be 
a modulo integer interval groupoid of level three. 

Let P = {[0, a], [0, 5], [0, 10], [0, 15], [0, 20], [0, 25], [0, 
30], [0, 35], [0, 40], [0, 45], [0, 50], [0, 55], *, (15, 10)} cTbe 
the modulo integer interval subgroupoid of T of level three. 

Example 2.3.34: Let T = {[0, a], *, (8, 24), a, 8, 24 e Z + u {0}} 
be the integer interval groupoid of level three. Take P = {[0, 2a], 
*, 2a, 8, 24 e Z + u {0}} c T, P is an integer interval 
subgroupoid of T of level three. 

Example 2.3.35: Let T = {[0, a], *, (27, 18), a, 27, 18 e Q + u 
{0}} be a rational interval groupoid of level three. Take P = {[0, 
a], *, (27, 18), a, 27, 18 e Z + u {0}} c T. P is a rational 
subgroupoid of level three. 

Example 2.3.36: Let X = {[0, a], *, (20, 22), a, 20, 22 e R + u 
{0}} be a real interval groupoid of level three. 

Take P = {[0, a], *, (20, 22), a g Q + u {0}} cX,Pisa real 
interval subgroupoid of level three of X. 
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Example 2.3.37: Let Y = {[0, x], *, (28, 42), x, 28, 42 e C + u 
{0}} be a complex interval groupoid of level three. X = {[0, x], 
*, (28, 42), x e R + u {0}} c Y, is the complex interval 
subgroupoid of level three. 

Example 2.3.38: Let B = {[0, a], *, (8, 12), a, 8, 12 e Q + u Z B } 
be a modulo integer interval groupoid of level three. B is a 
simple modulo integer interval groupoid of level three. 

The reader is expected to answer the following problem. 

Let X = {[0, a], *, (r, s) = t ^ 1, a, r, s, t e Z p ; p is a prime} 
be a modulo interval groupoid of level three. Is X simple? 

Before we proceed onto describe more properties about these 
interval groupoid we give the definition of level four interval 
groupoids. 

Definition 2.3.8: Let G **** (Z'j = {[(), a], * (p, 0), 0 *p, a 

€ Z n } where [0, a] * [0, b] = [0, pa + 0b (mod n)] = [ 0 , pa 
(mod n) ]; be a modulo integer interval groupoid defined as the 
modulo integer interval groupoid of level four. 

If we replace ( Z\ ) in the definition 2.3.8 by Z\ we get the 
integer interval groupoid of level four. By replacing Z[ by Q, 
in the definition 2.3.8 we get the rational interval groupoid of 
level four. If Z' n is replaced by R( in definition 2.3.8 we get 
the real interval groupoid of level four and is denoted by 
G****(R(). Similarly by replacing Z\ by C( in definition 
2.3.8 we get the complex interval groupoid of level four and is 
denoted by G****( C( ). We see 

G ****( Z +) Q q****(q+) Q g****(R( ) c g****(C( ). 



We will illustrate this situation by some examples. 

Example 2.3.39: Let B = {[0, a], *, (5, 0), a, 5 e Z 15 } be a 
modulo integer interval groupoid of level four. 
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Example 2.3.40: Let C = {[0, x], *, (6, 0), x, 6 e Z 19 } be a 
modulo integer interval groupoid of level four. 

Example 2.3.41: Let D = {[0, b], *, (8, 0), b, 8 e Z\ } be a 
integer interval groupoid of level four. 

Example 2.3.42: Let X = {[0, a], *, (7, 0), a, 7 e Q( } be a 
rational interval groupoid of level four. 

Example 2.3.43: Let Y = {[0, b], *, (141, 0), b, 141 e R( } be a 
real interval groupoid of level four. 

Example 2.3.44: Let P = {[0, t], *, (15, 0), t, 15 e C( } be a 
complex interval groupoid of level four. 

We will now proceed onto define interval subgroupoids of 
level one. 

Definition 2.3.9: Let S = {[(), a], * (p, 0), a, p e Z„} be a 
modular integer interval groupoid of level four. T = {[0, a], * 
(p, 0), a £ X crZJ crS be a modulo integer interval groupoid of 
level four; then we call T to be a modulo integer interval 
subgroupoid of level four. 

If S has no proper modulo integer interval subgroupoids 
then we call S to be a simple modulo integer interval groupoid 
of level four. 

We can analogously define these concepts in case of other 
interval groupoids of level four. 

We will illustrate this by some examples. 

Example 2.3.45: Let X = {[0, a], *, (8, 0), a, 8 e Z 12 } be a 
modulo integer interval groupoid of level four. Choose Y = {[0, 
0], [0, 2], [0, 4], [0 6], [0, 8], [0, 10], *, (8, 0)} c X, Y is a 
modulo integer interval subgroupoid of level four of X. 
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Example 2.3.46: Let W = {[0, a], *, (5, 0); a, 5 e Z 7 } be a 
modulo integer interval groupoid of level four. We see W is a 
simple modulo integer interval groupoid of level four. 

In view of this we have the following theorem. 

THEOREM 2.3.2: Let P = {[0, a], * (t, 0), a, t e Z p , p a prime} 
be a modulo integer interval groupoid of level four. P is simple. 

The proof of the theorem is left as an exercise for the reader. 

Example 2.3.47: Let T = {[0, a], *, (9, 0), a, 9 e Z + u {0}} be 
an integer interval groupoid of level four. Take W = {[0, a], *, 
(9, 0), a e 8Z + u {0}} c T is an integer interval subgroupoid of 
level four of T. 

Example 2.3.48: Let W = {[0, a], *, (12, 0), a e Q + u {0}} be 
an rational interval groupoid of level four. S = {[0, a], *, (12, 0), 
a e 3Z + u {0}} is an integer interval subgroupoid of level four 
of W. 

Example 2.3.49: Let T = {[0, a], *, (19, 0), a e R + u {0}} be a 
real interval groupoid of level four. S = {[0, a], *, (19, 0), a e 
Q + u {0} } c T; S is a real interval subgroupoid of level four. 

Example 2.3.50: Let W = {[0, a], *, (23, 0), a e C + u {0}} be a 
complex interval groupoid of level four. P = {[0, a], *, (23, 0), a 
e R + u {0}} c W;Pisa complex interval subgroupoid of level 
four. 

Now having seen examples of interval subgroupoid of level 
four. We now proceed onto study the properties of all these 
interval groupoids in the four levels. 

THEOREM 2.3.3: The modulo integer interval groupoids T in 
G**(Z I n ) such that T = {[0, a]; * (t, u), a, t, u € Z„}(mod n) is 
a modulo integer idempotent interval groupoid of level two if 
and only if t + u = l(mod n). 
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Proof: Given T = {[0, a]; *, (t, u), a, t, u e Z n } e G**( Z\ ) and t 
+ u = 1 (mod n). To show T is an idempotent interval groupoid 
we have to prove [0, a]*, [0, a] = [0, a] for all [0, a] e Z\ . 

Consider [0, a] * [0, a] = [0, ta + ua (mod n)]. If T is to be 
an idempotent interval groupoid we need [0, a] * [0, a] = [0, a]. 
So that [0, ta + ua (mod n)] = [0, a]. That is ta + ua = a (mod n) 
thus (t + u - l)a = 0(mod n). 

This is possible if and only if t + u = 1 (mod n). Hence the 
claim. 

We will illustrate this by a simple example. 

Example 2.3.51: Let T = {[0, a], *, [4, 5], a, 4, 5 e Z 8 } e 
G**(Zg). T is a modulo integer idempotent interval groupoid. 
For consider [0, a] * [0, a] = [0, 4a + 5a(mod 8)] = [0, a] as 9a = 
a(mod 8). This is true for all [0, a] e Z\ . Hence T is a modulo 
integer idempotent interval groupoid. 

COROLLARY 2.3.1: The above theorem is also true in case of 
the class of interval groupoids of level one. 

We now proceed onto define normal subgroupoids and ideals of 
interval groupoids. 

DEFINITION 2.3.10: Let G*(Z' n ) or G*(Z *) or G*(Q, ) or 
G*( Rj) or G*( Cj)) be a class of interval groupoids. A interval 
subgroupoid V of T cr G*( Z) ) is said to be a normal interval 
groupoid or interval normal groupoid T cG*(Z' n ) if 

i. [0, a] V = V [0, a] 

ii. (V[0, a]) [0, b] = V([0, a] [0, bj) 

Hi. [0, a] ([0, b] V) = ([ 0 . a] [0, b])V 

for all [0, a], [0, b] € V. 
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Note: An interval groupoid T c G*( Z l n ) is normal if 

(a) [0, x] T = T [0, x] 

(b) T ([0, x] [0, y]) = (T [0, x]) [0, y] 

(c) [0, y] ([0, x] T) = ([0, y] [0, x]) T 

for all [0, x], [0, y] eTcG*(Z^). 

This same definition holds good for interval groupoids built 
using Zj , Q, , R , or Cj . Further the same definition is true 
for all the four levels of interval groupoids. 

Thus from here onwards by interval groupoid T we may 
mean any interval groupoid built using Z l n or Z\ , Q+ , R* or 
C, and from the context it will be easily understood to which 
level they belong to and built using which set. 

Now we proceed onto define ideal of interval groupoids. 

DEFINITION 2.3.11: Let T be any interval groupoid. P a non 
empty subset of T. P is said to be a left ideal of T if 

(1) P is an interval subgroupid of T 

(2) For all x £ T and a £ P, xa € P. 

P is called a right ideal if P is an interval subgroupoid and 
for all x £ T and a £ P ax £ P. If P is both left and right ideal 
of T then we call P to be the interval ideal of T or just an ideal 
ofT. As in case of usual groupoids we call an interval groupoid 
to be simple if it has nontrivial interval subgroupoids. The 
interval groupoids of level one, two, three and four does not 
have { 0 } as an ideal. 

We have the following interesting theorem. 

THEOREM 2.3.4: Let P be a left ideal ofT cr G* ( Z' n ) where T 

= {[0, a], * (t, u), a, t, u £ Z n } is the interval groupoid then P is 
a right ideal ofT'= {[0, a], * (u, t); a, t, u £ ZJ. 

The proof is left as an exercise for the reader. 
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THEOREM 2.3.5: Let T cG*(Z I n ) where T = {[0, a], * (t, u), a, 
t, u € Z„ with t and u primes and t + u = n} be an interval 
groupoid then T is simple. 

The proof uses simple number theoretic properties and is left for 
the reader to prove. 

Note: Even if n is a prime and t + u = p, u and t primes then also 
T = {[0, a], *, (t, u); t + u = p; t, a, u e Z p , p a prime}, the 
interval groupoid is simple. 

THEOREM 2.3.6: The interval groupoid T = {[0 a], * (0, t); a, t 
£ Z n } of level four is a interval P-groupoid and alternative 
interval groupoid if and only if t 2 =t (mod n). 

The proof is left as an exercise for the reader. 

None of the above results hold good in case of interval 
groupoids built using Z\ , Q{ , R{ or C( . These properties are 
only valid for the interval groupoids built using Z\ . 



2.4 New Classes of Polynomial Interval Groupoids 



In this section we introduce the new notion of polynomial 
interval groupoids. We will first briefly describe the essential 
notations. Z\ [x] = {collection of all polynomials in the variable 
x with coefficients from the interval set Z \ } 



Z[0,a,]x' 



a. e Z„ 



This collection will be known as modulo integer interval 
polynomials. 

Example 2.4.1: [0, l]x 7 + [0, 2]x 6 + [0, l]x 5 + [0, 2]x 3 + [0, 1] is 
a modulo integer interval polynomials in the variable x with 
coefficients from Z\ . Similarly Z\ [x] = {collection of all 



62 




polynomials in the variable x with interval coefficients of the 
form [0, a] from the interval set Z* } = 



lM xl 



a; 6 Z + u {0} \ . 



This collection will be known as the positive integer 
interval polynomials or integer interval polynomials. Q, 1 [x] = 
{collection of all polynomials in the variable x with coefficients 
from the intervals in Q, of the form [0, a,]; 



he Qi u{0}} = m<),a i ]x i 



a j e Q + u {0} > . 



Thus 



and 



[X]= £[0, ai ]x' 

u=° 

C{[x]= jf^ajx 1 



a, e R + u {0} 



a ; e C + u {0} 



are defined as real interval polynomials and complex interval 
polynomials respectively. 

Now using these 5 types of interval polynomials we can 
define 4 levels of polynomial interval groupoids or interval 
polynomial groupoids. 



Definition 2.4.1 :Let 

T= \f J [0,a I ]x‘ 



a, G Z n 



be the modulo integer interval polynomials. Define * on T as 
follows; let 

oo 

P(x) = YjfO.aJx' 

i=0 



and 
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q(x) = YjtO.bjJx 1 



belong to T; 



( 

i 

\i=0 



\ f 



p(x) * q(x) = 0 ,( 1 ,] x‘ * O.bjJx 1 

y \j=o 



= y'jO, ta i + ubj (mod n) ] x l+J ; 

k=0 

(t, it € Z„ l {0} such that both t and u are primes and (t, u) = 1). 

oo 

= 2 ][0,c k ]x k 

k=0 

where k = i + j and Ck = ta t + ubj (mod n). [T, * (t, u)} is 
defined as the modulo integer interval polynomial groupoid of 
level one. We by varying t and u get a class of modulo integer 
interval polynomial groupoid of level one. 



We will illustrate this by some simple examples. 



Example 2.4.2: Let {T, *, (u, t) | T = ] x ' ; a, e Z 5 and u 

i=0 

= 3 and t = 2} be the modulo integer interval polynomial 
groupoid of level one. 



Example 2.4.3: Let {T, *, (u, t) | T = ^[O.ajx 1 ; a, e Z J2 and u 

i— 0 

= 5 and t = 7} be the modulo integer interval polynomial 
groupoid of level one. 

We can built rational interval polynomial groupoid of level 
one using the rational intervals {[0, a] / a e Q + u {0}}, real 
interval polynomial groupoid of level one using real intervals of 
the form [0, a]; a e R + u {0}, integer interval polynomial 
groupoid of level one using integer intervals of the form {[0, b] 
/ b e Z + u {0}} and complex interval polynomial groupoid of 
level one using the complex numbers. 

We will illustrate each of them by one example. 
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Example 2.4.4: Let 

T = { f>,aj ; *, (5, 7); a„ 5, 7 eZ + u {0}} 

L i=0 

be the integer interval polynomial groupoid of level one using 
the integers Z H u{0}. 

Example 2.4.5: Let 

W= mo.ajx 1 ,*, (11,43); a i5 11,43 e Q + u {0}} 

L i=0 

be the rational interval polynomial groupoid of level one. 
Example 2.4.6: Let 

S = mO.aJx 1 , *, (47, 19); a„ 19, 47 e R + u {0}} 

L i=0 

be the real interval polynomial groupoid of level one using 
reals. 

Example 2.4. 7: Let 

V = |Z[0,a i ]x 1 ; *, (23, 2); 2, 23, a. e C + u {0}} 
l i=0 

be the complex interval polynomial groupoid of level one using 
complex numbers. 

We see each of the classes of interval polynomial groupoids 
of level one have infinite cardinality, since pairs of primes is an 
infinite collection. We can define interval polynomial 
subgroupoids of level one built using modulo integers or reals 
or rationals or integers or complex intervals. 

DEFINITION 2.4.2: Let T be a internal polynomial groupoid of 
level one. Let P cy T be a proper subset of T; if P itself is a 
interval polynomial groupoid of level one under the operations 
of T then we define P to be a interval polynomial subgroupoid 
of T of level one. 

If T has no interval polynomial subgroupoids of level one 
then we define T to be a simple interval polynomial groupoid of 
level one. 
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